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Nomenclature

Kolmogorov energy spectrum empirical constant

E(k) = energy spectrum

Fi(k;) = longitudinal velocity spectrum

Fy (k) = transversevelocity spectrum

f) = longitudinal velocity correlation function
g(r) = transverse velocity correlation function

k = turbulentkinetic energy

Ly = longitudinalintegral length scale

R;;(r) = velocity spatial correlation tensor

U; = mean velocity vector

u = rms velocity

o = von Karmdn energy spectrum constant
I'(x) = Euler gamma function

) = boundary-layerthickness

8ij = Kronecker delta function

e = turbulentdissipationrate

K = wave number

Ke = wave number of energy-containingeddies
®;;(k) = velocity spectrum tensor

I. Introduction

URBULENCE ingested into a turbomachinery rotor or pro-

peller interacts with the blades to generate unsteady forces
and noise. Most analytical models of rotor or propeller turbulence-
induced unsteady forces!' ™ assume that both the mean inflow ve-
locity and the correlation (or spectrum) of the turbulent velocity
fluctuations are known. The models focus on the prediction of the
unsteady forces and noise in terms of the inflow velocity statistics,
rotor geometry, and Sears gust response function.

In many cases of practical importance, however, such as the de-
sign of a new turbomachine, the inflow to the rotor is not known
and must be predicted in order to estimate the turbulence-induced
unsteady forces and noise. Computational fluid dynamics (CFD),
based on the Reynolds-averaged Navier—Stokes equations and a
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two-equation turbulence model, is often used to predict the mean
velocity and pressure fields in turbomachinery. The same CFD solu-
tion can also be used to provide parameters for a turbulence velocity
spectrum model. In brief, the turbulent kinetic energy k and dissi-
pationrate ¢ are used in a model of the turbulenceenergy spectrum,
which is then used to obtain the velocity spectrum and correlation
tensors by assuming locally homogeneousand isotropic turbulence.
An interesting result of this approach is that it provides an explicit
relationshipbetween theintegrallengthscale and k—¢. Following the
developmentof the model, its accuracy will be examined for the case
of a flat-plate turbulent boundary layer, which could, for example,
representthe inflow to a propelleroperatingin a hull boundarylayer.

II. Turbulence Energy Spectrum Model

One of the mostimportantresults of classical turbulence theory’:’
is that the functional form of the energy spectrum E(x) is reason-
ably independentof the class of flow (i.e.,boundary layer, wake, jet,
channel,etc.). Basically, the energy spectrumconsistsof three wave-
number ranges: the large-scale range, which contains eddies whose
sizes are on the order of the mean flow features; the inertial sub-
range, in which the energy is cascaded to smaller and smaller scales
through the inviscid stretching and distortion of the eddies; and the
dissipationrange, in which viscous effects dominate. Kolmogorov®
showed that the inertial subrange can depend only on ¢ and the
wave number k because all of the energy is supplied by the smaller
wave numbers of the large-scale range and dissipated by the larger
wave numbers of the dissipation range. Based on this hypothesis,
the functional form of E(x) in the inertial subrange becomes

E(k) = ce'k® @5)]
Using dimensional analysis, it is found that the exponents must
bea= % and b= —g . Furthermore, experiments have shown (e.g.,

Saddoughi and Veeravall?) that the constant ¢ >~ 1.5.

A model for E(«) based on a « ~>/*> high wave-number asymp-
tote and a x* dependence for low wave numbers was proposed by
von Kérman'®:

E(i) = a(k/ic)(e/k) [ 1+ Ge/ic)? @)

The constant « can be determined because the integration of E (k)
over all ¥ equals the kinetic energy, resulting in

~ 110 r(®)
217
The parameter k., which represents the wave number associated
with the energy-containing eddies, can be expressed in terms of k
and ¢ by equating the high wave-number asymptote of Eq. (2) with
Eq. (1), yielding
El 3 El

Ko = (c/a)? (s/k%) = 1.9(e/k?) )
Therefore, the von Karman model can be used to predict E (k) given
the k—¢ output from a CFD solution.

III. Velocity Spectrum and Correlation Function

If the turbulenceis assumed to be isotropic,all of the components
of the velocity spectrumtensor ®;; can be obtained from the energy

spectrum’
KiK;j
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The one-dimensional longitudinal spectrum F, (k) and transverse
spectrum F5; (k1) canthenbe obtainedby integrationof the spectrum
tensor over the k,—k3 plane. For the von Kdrmdn energy spectrum
model the results are’

92 k K -t
Fll(Kl)—EK— 1+ K— (6)

1«2+ &k}
Fy () = Nere
1

e

Fii(k1) @)

The normalized inverse Fourier transforms of Fy; and F,, yield
the longitudinal and transverse correlation functions f (r) and g(r).
These functions are normalized by the rms velocity u, which for
isotropic turbulence is given by

u=+/2/3)k (8)

because k is one-half the sum of the three components of the mean
square velocity. The entire spatial correlationtensor R;; can then be
expressedin terms of u, f(r), and g(r):

Rij(r) = uz[(r[rj/rz)f(r) + (S[j — r[rj/rz)g(r)] 9)

In addition to the rms velocity, the most common velocity statis-
tic used in turbulence ingestion models is the longitudinal integral
length scale, which is defined as

Ly =/ f@ydr (10
0

Because of the Fourier transform relationship between f(r) and
Fi(ky), it follows that

Fi(0) = u’Ly, [n (11)

The integral length scale can be related to k—¢ by using this result
along with Eq. (6):

2ira 277 (a3 \ k3 K
= (=)= ~039— (12)
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IV. Example Application

To test the accuracy of this methodology for a case of practical
interest, the velocity spectrum in a turbulent boundary layer was
calculated. In a boundary layer the spectrum model assumption of
isotropic turbulence is clearly violated. However, it will be shown
that the model predictions are accurate for the inertial subrange and
that the errors in the low wave-number spectrum are bounded by the
anisotropy of the rms velocity and integral length scale.

The input to the model was generated using the commercial CFD
code CFX-TASCflow. A model of a large two-dimensionalchannel
was used in orderto simulate a zero pressure gradient, with the chan-
nel half-heightequal to approximately 100 times the boundary-layer
thickness at the exit. The k—e turbulence model was used along with
wall functions for the wall boundary condition. A streamwise sta-
tion was extracted from the solution to compare to the experimental
measurements of Klebanoff.!! The boundary-layerReynolds num-
ber, based on momentum thickness, was about 7800 for both cases.

The longitudinal and transverse wave-number spectra were pre-
dicted for the height y /§ = 0.58, where the model parameters were
predicted to be ¥ =0.035U,, and L =0.245 based on the CFD
output values of k and ¢. Figure 1 shows that the predicted spectra
are within 1 dB of Klebanoff’s measured spectra for the inertial
subrange, implying that the isotropic model is valid in this range
and that the model parameters are predicted accurately.In addition,
the faster roll-off of the measured spectra at higher wave numbers
is easily explained, because the spectrum model does not include
dissipationeffects. A model of the dissipationrange could possibly
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Fig. 1 Predicted vs measured longitudinal and transverse wave-
number spectra.
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Fig. 2 Predicted vs measured fluctuating velocity.

be added®; however, in most turbulence ingestion applications the
Reynolds number is much higher than it is in this example, and so
the dissipation range does not usually occur until very high wave
numbers. Because trailing-edge noise tends to dominate the corre-
sponding high-frequencyrange, it is not usually necessary to model
the dissipationrange for turbulence ingestion applications.

For low wave numbers, however, the effect of anisotropy is ap-
parent, and the model underpredicts the longitudinal spectrum by
about4 dB and overpredicts the transverse spectrum by about 3 dB.
This discrepancy is not surprising given the profiles of the three
components of the rms velocity, as shown in Fig. 2. The CFD re-
sultis a good representation of the average rms velocity and is very
close to the measured spanwise componentu ;. However, the stream-
wise component #; used in the longitudinal spectrum is higher
than the average, and the wall-normal component u, used in the
transverse spectrum is lower than the average. At y/3 =0.58 the
measured values are u; =0.042U,, and u, =0.028U,, (Ref. 11).
Using these resultsin Eq. (11), with the appropriate change of sub-
script for the transverse component, yields integral length scales of
L, =0.458 and L,, =0.0958. Gavin* reported an identical value
of Ly, in a zero-pressure-gradent turbulent boundary layer whose
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momentum thickness Reynolds number was 4.1 x 10°, but did not
report any value of Ly,. Using these anisotropic values of the rms
velocity and length scale in Eq. (11) results in the measured 10 dB
spread between the low-wave-number longitudinal and transverse
spectra. However, in an isotropic model u; =u, and L;; = 2L,
resulting in only a 3-dB spread. Therefore, the best possible fit
for an isotropic model is a (10 —3)/2=3.5 dB underprediction
of the longitudinal spectrum and overprediction of the transverse
spectrum. This is very close to what is obtained by the CFD-based
prediction.

Although the predicted low-wave-number spectrum using the
isotropic model has errors of 34 dB in a boundary layer, the
effect of anisotropy on turbulence ingestion noise calculations is
likely to be less significant. This is because unsteady lift is pro-
duced by the fluctuating velocity component normal to the blade,
which, because of the blade stagger angle, rake, and skew, is gen-
erally a combination of u,, u,, and us (Ref. 4). Therefore, an
isotropic model based on an average of the three velocity com-
ponents is likely to provide a reasonable approximation of the
blade-normal velocity spectrum for rotor turbulenceingestion noise
predictions.

V. Conclusions

A model that can be used to predict the turbulence velocity spec-
trum and correlationfunctiongiven the k—¢ outputof a CFD solution
has been presented. The model is most accurate in the inertial sub-
range because of the assumption of isotropy, as demonstrated for
a turbulent boundary layer. Because the model is based on the tur-
bulence energy spectrum, it is reasonably independent of the class
of flow. For use in predicting turbulence ingestion noise in turbo-
machinery, the model should provide a reasonable approximation
for the entire wave-number range regardless of whether the turbu-
lence is caused by a hull boundary layer, a wake from an upstream
obstruction, or a jet from an upstream impeller.
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Numerical Simulation of Shock
Oscillations over Airfoil Using
a Wall Law Approach
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I. Introduction

HOCK-INDUCED oscillations (SIO) are a pure aerodynamic

problem that can occur over rigid airfoils as a result of the de-
velopment of instabilities caused by the boundary-layerseparation
and the shock-wave interaction. This problem is extremely impor-
tant because it can lead to the buffeting phenomenon through the
mechanical response of the wing structure. A detailed description
of the physical features of SIO is given by Lee.! Computations
have been essentielly done over thick airfoils to investigate the SIO
problem.2~*

Numerically, the local time-step technique, which is efficient to
accelerate the convergence towards the steady state, cannot be ap-
plied forunsteady computationsthatimperativelyneed a global time
step. This constraint drastically reduces the method efficiency be-
cause of the Courant-Friedrichs—Lewy stability criterion. To over-
come this difficulty, the dual time-stepping approach has been pro-
posed by Jameson. It has also been used recently by Furlano et al.’
and Renaud et al.b for SIO computations.

In the present study a wall law approachis used to relax the mesh
refinement near the wall and therefore to increase the value of the
global time step. Then, the computational efficiency of the explicit
method is restored. Providing large CPU cost savings, the wall law
approachhas also proved to be attractive for the quality of its results
in computing separated flows and for the robustnessimprovment it
brings.”

Moreover, the eddy viscosity models based on the linear
Boussinesqrelation are known to be unable to capture the boundary-
layer separation and unable to take into consideration the nonequi-
librium effects. A consequence of these weakness observed for un-
steady computationsis the overproductionof eddy viscosity, which
limits the developmentof natural unsteadinessand modifies the flow
topology. In this Note, we show that the turbulence model behavior
can be remarkably improved by limiting the eddy viscosity with the
shear-stress-transpot (SST) correction associated with a wall law
approach.

II. Numerical Methods

A code solving the uncoupled Reynolds-averaged Navier—
Stokes/turbulentsystems for multidomain structured meshes is used
for the present study. This code is based on a cell-centeredfinite vol-
ume discretization. Fluxes are computed with the Jameson scheme,
and time integration is realized through a four-stage Runge—Kutta
algorithm. More details about the solver can be found in Ref. 8.

Various two-equation turbulence models are used in the present
study: the Menter’ SST k—w model and also the high-Reynolds-
number versionof the Jones—Launder'® k—s model, with and without
the Menter SST correction.

Presented as Paper 2001-2857 31st Fluid Dynamics Conference, Ana-

heim, CA, 11-14 June 2001; received 25 July 2001; revision received 10
August 2002; accepted for publication 9 April 2003. Copyright © 2003 by
E. Goncalves and R. Houdeville. Published by the American Institute of
Aeronautics and Astronautics, Inc., with permission. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923;include the code 0001-1452/03 $10.00in
correspondence with the CCC.

* Assistant Professor, Aerodynamics and Energetics Modelling Depart-
ment, 2, avenue Belin, B.P. 4025; Eric.Goncalves@hmg.inpg.fr.

TResearch Master, Aerodynamics and Energetics Modelling Department,
2, avenue Belin, B.P. 4025; Robert.Houdeville@ onecert.fr.



